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TECHNICAL NOTE 3992

CHARTS FOR ESTIMATING THE EFFECTS OF
SHORT-PERIOD STABILITY CHARACTERISTICS ON ATRPLANE
VERTICAL-ACCELERATTION AND PITCH-ANGLE RESPONSE
IN CONTINUOUS ATMOSPHERIC TURBULENCE

By Kermit G. Pratt and Floyd V. Bennett

SUMMARY

Charts are presented for estimating the effects of variations in
short-period stabllity charscteristics of a rigid airplsne on its root-
mean-square vertical-accelergtion and pitch-angle response to continuous
atmospheric turbulence, From these charts the root-mean-square quantities
in dimensionless form can be estimated for values of four other dimension-
less parameters which describe the airplane short-period stsbillty charac-
teristics and the scegle of atmospheric turbulence. The trends of the
root-mean-square responses with each of the four parsmeters are discussed
in terms of two significant combingtions of the parameters involved. The
charts are best suited for spplication to rigid unswept-wing airplanes of
not more than 200-foot wing span flying at low subsonic speeds. It is
belleved, however, that useful estimates of first-order effects can be
made for alrplsnes with other wing plan forms f£flying at high speeds.
Analysis of the charts indicates that the varistions of the vertical
acceleration and pitech sngle with the other parameters are largely deter-
mined by the damping ratio of the airplane and a relative-turbulence
scale. Some examples of the application of these charts show that the
vertical-acceleration response of a moderate-speed unswept-wing fighter
airplane is increased by a rearward shift in the center of gravity, is
not changed significantly with s change in altitude if the equivelent
airspeed and true turbulence intensities are constant (effects of changes
in Mach number are not included), and is increased by an increase in the
geocmetric scale,

A ccmparison of the root-mean-square vertical-acceleration response
of an airplane free to be disturbed in vertical and pitching motion with
that of an airplane free to be disturbed only in verticel motlon (non-
pitehing) indicates that the responses are similer for a nearly critically
damped alrplane. The accelerstion response of an airplane with a very low
derping ratio mey greatly exceed the response of a nonpltching airplane.
However, the vertical acceleration of an airplane having satisfactory
handling qualities may in many cases be less than that of a nonpitching
airplane.
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INTRODUCTION

Variations of longitudinsl stablility cheracteristics may cause
appreciable changes in the response (motions, loads, stresses, etc.) of
an airplane flying in atmospheric turbulence. Until recently, analyses
of these effects (some of which are summerized in ref. 1) disregarded
the continuous nature of the turbulence, partly because of the large
efforts required for s more realistic treatment, and conslidered, instead,
only discrete gusts. This epproach was consldered to be unsatigfactory
in many cases, particularly for eirplanes having unusual longitudingl
stabllity characteristics, such as low damping in pitch.

In recent years, the difficulties whilch led to use of discrete gust
analysls have been overcome to a large extent by developments in the
theory of generalized harmonic anslysis (refs. 2 to 8) which permit the
congideration of the contlnuous nature of turbulence. Within the frame-
work of generalized harmonic analysis the alrplane response to turbulence
is described in terms of statistical or average quantities. The most
important of these quantities is the root-mean-square wvalue, which pro-
vides a simple measure of the response intensity and in the case of a
Gausslan process completely specifies the probablility distribution.

(See ref. L4.)

The root-mean-squere vertical scceleration of a rigid sirplane has
previously been calculated by means of generalized harmonic analysis for
g few combinations of the damping and natural-frequency parameters of
short-period longitudinsl stability (ref. 4). The manner in which these
root-mesn-square values may be affected by changes in the short-period
gtablility charecteristics has been verified experimentally (ref. 5) to a
limited extent. In reference 6, the root-mean-square response calcula-
tions have been extended to include pitching veloclty as well as vertical
acceleration. The results of these calculations indicate the effect of
guccesslve changes in some parameters which contribute to the short-
period stabillty characteristics.

In the study of alrplane response to continuous turbulence reported
in reference 7, the root-mean-squere vertical and pitching motions in
dimensionless form were expressed as functions of only four other nondi-
mensional parameters, nesmely, an alrplane mass parameter, a short-period
damping parameter, a short-period damped-natural-frequency parameter, and
a turbulence-scale parameter. The simplification afforded by the formu-
lation of the problem in terms of these parameters mskes practicable the
preparation of charts for the estimastion of the effects of general vari-
ations in longitudinal stabllity characteristics of an airplane on its
response to turbulence. The purpose of this report is to present charts
from which the root-mean-square vertlical accelergtion and pitch angle in
dimensionlegss form can be determined for velues of the remaining four
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parameters. The ranges of values selected for the parameters are believed
to include values corresponding to those for most rigld unswept-wing alr-
planes and missliles likely to be considered in the near future.

In asddition to the presentation of the charts, the trends in the
variations of the root-mean-square alrplane responses with each of the
four independent pesrameters are discussed in terms of extreme values of
two physically significant combinations of the four parameters. Also,
the effects of pitching motion on the vertical acceleration of the air-
plane are indicated by a comparison of the present results with those
obtalned for an alrplane free to be disturbed in vertical motion only.
The application of the charts is illustrated by means of severgl examples,
which were chosen to indicate the effects on the vertical-acceleration
response of changes in the airplane center of gravity, in altitude, and
in the size of the glrplane.

SYMBOLS
an nondimensional normal or vertical acceleration, 3%/g
8, g reference nondimensional normsl or vertical acceleration,
’ aSCy, w
—_
WU
8, vertical -acceleration ratio, an/an,s
CLm airplane lift-curve slope per radian
C wing lift-curve slope per radian
Lo,w .
C tail lift-curve slope per radlan
La,t
Cm pitching-moment coefficient, M/qSE
Cma longitudinal static stabllity derivative, BQm/am
Crmg, pitching-moment coefficient per nondimensional unit rate of

change of angle of attack,

20
3Cp
Cmq pitch damping derivative, —w—

()
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local wing chord

b/2
meen serodynamic wing chord, %u[~ c2dy, £t
¢

meen aerodynamic tail chord, £t
acceleration due to gravity, :E't/sec2
pressure gltitude, ft -

frequency-response function for output response O to input
disturbance I

reduced-frequency parameter, cnc"/EU, radians /semichord
damped~natural-frequency parameter, wﬁE/zU, radians/semichord

undamped-natural-frequency parameter, wb§/2U,
radians [semichord o .

turbulence scale, £t

distance from sirplene center of gravity to aerodynamic center
of horizontal teil, ft

distance fram alrplane center of gravity to aerodynamic center
of wing-fuselage combination, ft

pltchling moment sbout center of grevity, ft-lb
airplane mass, slugs

dynamlc pressure, 1b/sq ft

radius of gyration in pitech, £%

wing erea, sq ft

horizontal-tall aree, sq ft

turbulence-scale parsmeter, 2L/

time for disturbance to demp to one-half emplitude, sec

alrspeed, ft/sec

alrplane weight, 1b
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W vertical component of turbulence velocity, ft/sec
¥ distance along wing span
z verticel displacement, positive upward
z! displacement normal to airplane, positive downward
a angle of attack
dp angle of attack due to vertical component of turbulence,
w/U, radians
4 short-period damping parameter, Kv
€ downwesh angle, radians
1 tail-efficiency factor
K mass parameter, __§g_:
CmeSc
e pitch angle, positive nose upward, radians
8g reference piltch angle, radlans
0, piltch-angle ratio, 6/64
55 reference pitching accelergtion, radians/sec2
85 o reference pitching acceleration (due to gust only),
g radians/sec
8. pitching-acceleration ratio, &/84
v nondimensional reciprocal of the time for disturbance to
. € logg 2
damp to one-half smplitude, —m ——oru
2UT]_ /2
€ damping ratio
p air density, slugs/cu i v
g root-mean-square value

3(kx), o(w) power spectra
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B(x), #(w) unsteady-1ift functions for gust penetration
w frequency, radians/sec
g damped natural frequency, radians/sec

Wg undamped natural frequency, radians/sec

Notation:
) first derivative with respect to time, d/dat
second derilvative with respect to time, 42/at?
| | absolute value of complex quantity

' pertalns to body-fixed stability axes

Subscripts or superscripts:

2 twice basic . scale —

Lo at 40,000 feet

a at rearward center-of-gravity position

f at forward center-of-gravity positlon

I pertainas to input

0 pertains to output

sl at sea level

W pertains to vertical component of turbulence velocity

&n,r vertical-acceleration ratio

ap - pertains to angle of attack due ‘to vertical component of
turbulence

G pltch-angle ratio
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METHOD AND SCOPE OF CALCULATIONS
Method of Analysis

The charts of the root-mean-square dimensionless vertical asccelera-~
tion and pitch angle to be presented herein were calculated from essen-
tially the expressions for the corresponding quantities given in refer-
ence T. These expressions, which were derlved on the basis of the theory
of generalized harmonic enslysls, are rederlived in this sectlon, and some
additional parameters, which find spplication in the followling sections,
are introduced.

According to the theory of generelized harmonic anslysis the mean-
square value of the output of a linear system subjected to & stationary
random input, that is, an input process with statlstlcal characteristics
vwhich sre invarisnt with time, can be expressed as follows (ref. b4}:

002 =f0°° ,H%(w)!ecb]:(a))dm (1)

This expression states that the mean-square value of.the output is equal
to the integral of the product of the input-power spectrum ¢I(w) and

the absglute square of the frequency-response function of the system
|H%(m)[ . 'The power spectrum ls a continuous spectrum of the contribu-

tion of each frequency Lo the total value of the mean-square of the
random-input function. The frequency-response function describes the
response of the system to a sinusoidal input of unit eamplitude. In the
cases of interest in this report the output O represents airplane
vertical or pitching acceleration or pitch angle, and the input I
represents the vertical component of the turbulent velocity.

Frequency-Response Functions

Equations of motion.- The frequency-response functions utilized

herein were obtained from reference T: They represent solutions of the
equations of longitudinal motion (the effects of changes in alrspeed
being ignored) for an airplane flying in an atmosphere in which the
vertical component of velocity varies sinusoldally in the direction of
fiight and is constant along the span of the wing at any instant.

These equations of motion are based on the assumptions commonly
made in a longitudinal short-period stebllity analysis of rigid airplanes
(ref. 9, for instance}, in which an airplane is considered free to pitch
and plunge (move in a direction normal to a longitudinal reference axis
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of the ailrplane). Also, the effect of unsteady flow due to gust pene-
tration on the ailrplane moments wes assumed to be the same as the effect
on the 1ift. (The lag in the application of the gust between wing and
tall was, therefore, neglected.) Turbulence velocities were assumed to
be small compared to the airspeed (so that the angle w/U in redians is
numerically equal to 1ts tangent), and only the vertical component of
turbulence veloclty was assumed to be important.

The equations of motion in operational form are then

- ()
qsc : ] ~qsC
1o + —— 1 5t g ]
mU . mU
< ¢ = Bla) v (2)

2mr2U2 U

~1aqS3 3= g
2 g - Bn, P - o o

The preceding equations are based on stability axes, that is, body-fixed
coordinates initially normel and parallel to the relative alr velocity
for undisturbed flight. These axes rotate about the origin as the air-
plane pltches and the acceleration %' is not, therefore, the actual
airplene acceleration. In most practical problems, such as load deter-
mination, the actual acceleration in the direction of the Z'-axis is
required. Under the short-period stebility assumptions, this quantity
is substantially the same as the absolute acceleration % along a’
vertlical axls of a coordinate-system translating at the speed of flight
but otherwise fixed in space. The expression for vertlcal accelerstion
is

Y= 5+ W (3)

The two sets of axes are shown in figure 1. As is well known, the
dynamic response of the system described by equations (2) is oseillatory
in nature and can be described as a function of natural frequency and

damping parameters.

Dimensionless frequency-response functions.- In reference T, solu-
tions of the equations were obtained for the absolute squere of the
2
frequency-response functions, (w)l and lH o ﬂ
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By use of the relations

amp = W/U
K = €
2U
g =-S5
af
together with
an = 2/8
q_SCLCLw
8n,s = el
&n,r = 8n/8n,s
Oy = e/es
[;lé—('y - 2)2 + kda:l
P T e - 2, 72
kd_ + K_E
Gr = 9./.9.5
PSE0r, On)
Og = es,o - lFmCmm
and
ScC,, W
] _ 2 )

(4)

(5)

(6)

(7)

(8)

(9)

(10)

(11)
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2 .
the functions IHE(w)l end ng(w l can be converted to the dimension-

(k)l (k)|

8g, and 63,0 are reference values; 8p,s WAy be interpreted as the non-

dimensional vertical sascceleration that would result solely from the 1lift
force associated with the meximm value of the sinusoidal vertical veloc-
itles; 064 1s the zero frequency value of 6; and es o ey be inter-

preted as the pitching acceleration thet would result solely from the
moments assoclated with the maximum value of the sinusoldal vertical
velocities. The quantities in the brackets in equations (8) and (10) may
be regearded as coupling factors for the effect of vertical motion. The
parameters kK, ¥, and kg which appear in the brackets are nondimensional

and are defined as follows:

less forms

, and He (k)l The parameters e, g,

The parameter &k 1s a mass parameter defined in reference 10, which
will be recognlzed ss four times the mass parameter used in discrete gust
analyses as a vertical-motion damping coefficient (ref. 1), namely,

K.E—?ﬂ—— o (12)
pScCLm s

The parameter ¢ 1is defined @as
¥ =Ky (13)

where 1/v is a dimensionless form of the time for disturbed motion to
subside to one-half amplitude, namely,

c log, 2

2UT1/2 (14)

where in turn

loge 2 _ a8 =D
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The parameter ¢ therefore can also be expressed as

y = |1 - 52 (Cmq " Cm@) (16)
21'2 CI'Q,

The parameter kg 1is a dimensionless form of the damped natural
frequency of short-period motion, that is,

wgc

ka = o5

The dimensionless damped natural frequency can be expressed in terms of
the dimensionless undamped natural frequency k, as

kg = k02 - %g (17)
where
=2
ko:'ancL<Cmq Cmcr) (18)

An additional parameter involving kg and 79/k which will be
utilized subsequently is the damping ratio ¢, the ratio of damping to
critical damping, defined by

¢ = ___ZZE___ =Y (19)

The use of the parameters ¥, v, and ¥ requires some comment.
Any two of them define the third. The combination v and k is
probably the most significant from consideration of physical interpre-
tation. The pair ¥ and K was selected, however, in order to provide
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a paremeter, namely, 7, which is independent of alrplane mass and to
retain the identity of k TDbecause it is a femlliar fundamental param-
eter in the analysis of the response of an alrplane free to be dilsturbed
in the vertical direction only.

2
BT (x)
,T
in reference 7 by using the dimensionless parsmeters defined in the
preceding relations and is given by

The expression for was obtained from equation (48a)

o Il i - 95
IHZTn @) = — - (20)
ar? |kt - 2<kd2 - ﬁz)kz + (kdz + fz)
K 3
Qo 2 .
The function Her(k)l was obtalned from equation (48b) in reference T as

] |¢(k)|2<kd2 + -:;)2 |
— ar? |k - 2(kd2 - Kﬁa)ka (kd2 :zﬂ

(21)

and an expresslon for can be obtained in a similar manner.

By "
r
Unsteady-11ft function.- The effect of unsteady flow on the 1ift

and moment due to gust penetration was represented in reference 7 and
herein by the function @(w), which eppears in equation (2), and @(k),
which eppears in equations (20) and (21). In reference 7 the following
expression was used for this function:

|9(x) |2 ~ —— (22)

1+ 2xk

The expression in equation (22) is an approximation of the unsteady 1ift
on a wing in two-dimensional incompressible flow. As lmplled by the

the unsteady flow assocliated with the disturbed motlons of the airplane
were neglected.



NACA TN 3992 13

Assumed Power Spectrum of Atmospheric Turbulence

The power spectrum used herein for o (where ap = V/U) on an alr-
plane flying at speed U is that used in reference 8, namely,

o [+ 5(L2a?/ue)] (25)

Pag(®) = Gy o [“ (Lawe/Ue)]z

where GGT is the root-mean-square value of the angle of attack due o

the vertical component of turbulence velocity. Equation (23) can be
rewritten in dimensionless form by using the relatioms

= dw

and

s = %L (2k)

The resulting expression for the power spectrum is

a _ os (14 3%R)
OQT(k) = GaT E-(z—l—géiggg (25)

Fingl Equations

In terms of the dimensionless frequency-response functlons given
by equations (20) and (21), the unsteady-1ift function in equation (22),
and the power spectrum given by equation (25), the expressions for the
mean-square values of 8, and 6, are

w 2
_ p %
can’rE _k/; lHan’r(k)i QQT(k)dk (26)
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and

%, =j0m lHemﬁ(k)laﬁ%(k)dk (27)

Presentation of Charts
Range of pesresmeters.- Equations (26) and (27) were integrated in
closed form gnd the rather lengthy expressions for Gan and oy were
s r

eveluted by an automatic digital computer for the following ranges of
values of kg, K, ¥, and s:

0 Skq S0.2
4o £ & £ 20,000
1Sy g10
50 £ 8 £ 2,000

The upper limits of these paremeters were chosen to be gppreciably
higher than the largest values found 1ln a survey of contemporary air-
planes. The upper limit of K, in particular, msy seem excessively large,
but this value msy be approached by small heavily loaded misslles at high
altitude. The lower limits of the parsmeters were set by various consid-
erations. The limit of zeroc for kg corresponds to critical damping.

The limit of unity for ¢ 1is inherent in the definition of ¢ for stable
airplanes. (See eq. (16).) It might be noted that tailless airplanes are
often characterized by values of ¥ near unity. The lower limlt of «
was chosen to include lightly loaded ailrplanes, such as sallplanes.

The limits of 8 require speclal mention. The value of s depends
on the values of the turbulence scale L. Measurements of atmospheric
turbulence from flight tests iIndicate that L is in the order of
1,000 feet, and on this basis the range of s would be from ebout 100
to 2,000 for large airplanes and small missiles, respectively. However,
the lower limit of s was extended down to 50 to apply to values of L
lower than 1,000 feet if further tests indicste thelr existence.

Index to charts.- The calculated values of San 1 and Og, ere pre-
. . s

sented as functions of " k3 in figures 2 and 3, respectively, for various
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values of 7y, &k, and s. Log-log paper was used for the charts in

order to meke the presentation campact and to permit reading to a con-

stant number of significant figures. It should be noted that values of

dan ’ for kg = 0 are presented as arrowheads to the left of the ver-
3

tical axis of each San o chart. One of these values on each chart,
3

namely, that for ¢ =2, 1s of special significance in +that, as indli-
cated in equation (8), the pitching motion is zero. These values, there-
fore, are for an asirplane free to be disturbed only in vertical motion
and are comparsble to those presented in reference 10. The values of
Gan . for k3 =0 and 7 =2 are functions of k¥ and s only and

2

are presented as a function of xk in figure 4 as an extension of the
information presented in reference 10. (Note that in ref. 10, s is
defined as the inverse of & in this report.)

No speclal significance should be attached to the fact that the
root-mean-square quantities in figures 2 and 3 are plotted as a func-
tion of kg. This procedure was followed to minimize overlspping of
the curves in order to provide ease in reading. Sample plois of the
root-mean-square quantities are also given in figures 5 and 6 as s
function of R/y, which is comparable to the presentation in figure k.

Velues of root-mean-square pitching-acceleration ratio Uﬁr (for

definition of §r see eq. (9)) were also calculsted by use of an expres-

gion for the absolute square of the frequency-response function obtained
from equation (48b) of reference T and sre presented in table I. No
charts have been prepared for these results.

Some Variations of Airplane Responses With Variations
in the Dimensionless Parasmeters

The charts indlcate that the varigtions of o and Uer wilth

8n,r
each of the parameters kg, &, 7, and s differ considerably for the
innumerable combinstions of the parameters which msy result from various
airplane configurations. These variations, however, can be systematized
to a large extent by considering the variations of the o's for extreme
values of only two combinations of the four parsmeters. The two combi-
nations are:

(1) The ratio of kg to y/k

(2) The product of k, and s
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The first combination appears in the denominator that 1s common to
equations (20) and (21). The relationship of kg to 7y/k determines

the retlio of damplng to critical damping ¢ and the undamped natural

k
frequency parameter kg. (See egs. (17) and (19).) For —fl << 1.0 the
¥ /&

ks

value of { =~ 1.0 and ko = y/k. For —7;
4

>> 1.0 the value of { < 0.1

and kO 3 kd.'

The second significant combination of parameters with regard to the
variations of the ¢'s, the product of ko and s, determines the expan-

sion or compression of the power-spectrum frequency scale relative to
that of the frequency-response function.

For ko8 >> 1.0, the frequency scale of the input spectrum 1s com-

pressed relative to that of the frequency-response function so that the
amplitude of the input spectrum varies inversely with the square of the
reduced frequency beginning at a frequency that 1s a small fractlon of
the undsmped natural frequency of the airplane. The condltion kg8 >> 1.0

is termed herein large relative-turbulence scale. The genersl relation
between the vertical-acceleration and plich-angle freguency-response
moduli and the power spectrum for large relative-turbulence scale 1sg indi-
cated in figure T(a).

For ko8 << 1.0 the frequency scale of the input spectrum is

expanded relative to that of the frequency-response function so that the
value of the input spectrum is nesrly constent up to a frequency many
times the undamped natursl frequency of the airplane. This condltion is
termed herein smell relstive-turbulence scale. The general relation
between the airplane frequency-response moduli and the power spectrum for
small relative-turbulence scale is indicated in figure T(b).

The condition of large relstive-turbulence scale appears to epply for
most alrplenes and atmospheric conditions. Conditione spproaching small
relative-turbulence scale may be encountered occasionslly. However, the
portion of the turbulence spectrum essociated with small relative-
turbulence scale (the relatively constant portion at very long wave-
lengths) is subject to a large degree of uncertainty compared with the
remginder of the spectrum. The root-mean-square quantities for small
relative-turbulence scale are given primarily as an ald to the estimation
of response trends for moderate values of relative-turbulence scale.

An sppendix is included in which the extreme conditions of damping
and relative-turbulence scale are shown to permit a simplification
of the integrals in equations (26) end (27) so that short formulas
(eqs. (Al) to (A6)) expressing the variestions of gy, and %.. with

»r
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each of the parameters kg, K, 7, and s can be readily obtained for

all extreme conditions except the nearly critically damped conditions
for can " In the case for critical damping the varigtlons of Gan
E T

can be visualized quslitatively. The results for the extreme conditions
are summarized in table II. The qualitative description of the varia-
tlons of the o's on the basls of the results in table IT permits some
generalization of results in studies of turbulence problems, as will be
indicated in connection with some examples of chart application.

USE: OF THE CHARTS

Chart Limitetions

In the derivation of the equations from which the charts were cal-
culated, some physical effects which are known to contribute to the
response of an airplene to turbulence were purposely excluded and others
were ideslized in order to simplify the equations. Without these simpli-
fications, the coverage of a wide range of airplane characteristics would
require an impracticably large effort. The exclusion and ideglization of
these effects, however, imposes certein limitations on the use of the
charts.

The effects pertinent to the response of an girplane to turbulence
which have been excluded by the assumptions of short-period stability
analysis are the large perturbations in airplsne motion which msy occur
for girplanes having very low damping retios and the unsteady 1ift
accompanying a change in the angle of attack due to airplane disturbed

motions (Wagner effect). Errors in the values of the Gan and ag

,T r
obtained from the charts due to large perturbations are thus a function
of both ¢ and odT and increase as ch is increased or { is

reduced. The errors due to neglect of the Wagner effect are expecied
to increase with an increase in k,.

The effect of neglecting the lag in gpplication of the vertical
turbulence velocities between the wing and tall is to decrease the root-
mean-square response in much the same manner as would be cbtained from an
increase in damping ratioc. This effect increases with an incresse in

2

2 1 5% 1% e

tail effectiveness <= 1 = Cp, , —— <5 and with both a decrease
r2 KCr S a,t 2 da

in kg, and an increase in k for a glven tail effectiveness.

The charts are based on an airplane flying with elevator neutral
(fixed). The effect of a pilot is not included.
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The input power spectrum used in the chart calculations 1s based
on the assumption that the 1lift on the airplane is not appreciably
affected by lateral (spanwise) varlations of turbulence vertical veloci-
ties. It was pointed out in reference 7 that this assumption should
provide satisfactory results for rigid alrplenes having wing spans less
than 100 feet. More recent informstion indicates that for the present
purpose the spectrum should give satisfactory results even for airplanes
with spans up to about 200 feet.

As was steted eariier this input power spectrum is subject L0 a
large degree of uncertainty in the lower frequency reglon where it is
relatively constant and, therefore, the results for the small values of
relative~turbulence scale (ko8 << 1) are to be used only as an ald to

the estimstion of response trends for moderate and large values of
relative-turbulence scale. The validity of the charts for values of
kgs < 5 'is uncertain. A boundary for this condition is indicated on
each chart in figures 2 and 3 except for charts for k equal to 40 and
100 in figure 3. The curves for &k of 40 and 100 are too crowded to
permit the insertion of a clearly defined boundary.

The basic assumptions and the choice of unsteady-1ift functions
used in the calculation of the charts thus imply that the charts are
most sppliceble to rigld unswept-wing sirplanes of not much more than
200-foot wing span flylng at low subsonic speeds. It is believed,
however, that useful estimates of changes in stability characteristics
can be made for falrly rigid sirplanes with wings of other plsn form,
such as swept or triangular flying at high subsonlc and supersonic
speeds. In genersl the charts presented herein (figs. 2 and 3) are best
suited for the estimation of effects of changes in short-period stebility
characteristics on the root-mean-square verticel acceleratlion and pltch
angle rather than for determining the magnitude of the root-mean-square
quentities for a given set of ailrplane and turbulence paremeters. The
use of the charts to estimate the effects of such changes tends to mini-
mize errors arising from simplifying assumptlons and uncertaintles in
values of stability parameters.

Evaluation of Required Parameters

Stabillity parameters.- The stabllity parsmeters kg and 7 may be
obtained from ay and Tl/2’ which in turn may be determined from flight
tests of an existing full-scale or model alrplane, or else kg and ¥

may be calculated from equations (16) to (18) in which values of the
stability derivatives CLm’ Qmm, Cma’ and qmq are obtained from what-

ever source 1ls considered most relisble. The mass parameter K 18
usually calculated by using values of CLm elther measured or celculated.
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Inasmuch as all airplene structures are flexible to a degree, cal-
culgtions of the stgbility derivatives should include static aeroelastic
effects. (Quasi-static aserocelastic effects, that is, those which arise
from the structural deformation caused by the inertis loads in a uniform
normsl acceleratlon, can be Iincluded in the same way. See ref. 11, for
instance.) The completely dynamic response of airplane structures, which
includes inertia loads based on the local accelerations, cannot be taken
into account in the use of the present charts and the results obteined
therefrom will be subject to increasing errors as the natursl frequencies
and Jamping reatios decrease in values and as the static deflections of
the natural structural modes incresse in value.

Scale of turbulence.- The evalugtion of the turbulence-~scale param-
eter 8 requires that a value of 1 be selected. As mentioned else-
where, little is known as to what variations in the value of L may
occur Or what meteorologicel conditions may affect the value of I.

Same available informetion suggests that L i1is in the vicinity of
1,000 feet.

Examples of Chart Appllcation

Three examples are presented to illustrate gpplication of the charts
and to provide information on some typical turbulence-response problems.
They illustrate, respectively, the effect on vertical acceleration of
changing the airplane center-of-gravity position, the altitude, and the
geometric scale. The same basic airplane configuration was used in all
three examples. The configuration chosen 1is that of a moderste-speed
unswept-wing fighter airplane for which some flight test results were
reported in reference 5. The pertinent characteristics of the bassic air-
plane are listed in tgble III.

Change in airplane center of gravity.- The change in center of
gravity was taken to be a rearward shift emounting to 6.6 percent of the
mean gerodynsmic chord of the wing. This change, together with slight
changes in weight and radius of gyration indicated in table IV, was
chosen to be the same as the value used in flight tests of the fighter
slrplene considered in reference 5. Values of Kk, v, and kg 1listed

in teble IV for both center-of-gravity positions indicate that only kg

is appreciably affected by the center-of-gravity change. Vslues of

Uan obtained from the charts by graphical interpolation for s = 297,
sT

which corresponds to L = 1,000 feet, and for the tabulated values of
k, 7, and kg are also presented in table IV. The ratio of Oapn

,T
for center of gravlity rearward to that for center of gravity forward was
found to be 1.045, from which the root-mean-square vertical acceleration
was found to increase about 7.5 percent as the center of gravity was
changed from the front to the resr position.
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The results of the flight tests and calculations reported in ref-
erence 5 indicate increases in Uan of about 10 and 13 percent, respec-

tively. The differences between the results from the charts and from

the calculations of reference 5 show, to a certain extent, the effects

of unsteady 1lift due to g change in angle of attack (Wagner function) end
of lag In gpplication of the turbulence velocities between the wing and
tall. These effects were accounted for in the calculations of reference 5,
but, as previously indlicated, were not included in the calculation of the
charts. A comparison of the calculated results on this basis is not, how-
ever, completely clear-cut because the input power spectrum used in refer-
ence 5 wag somewhat different from the spectrum used herein.

The present results together with those from reference 5 indlcate
that rearward shift in center of gravity results in a moderate increase

in < for the alrplane considered.
én,r

gravity position can be made on the basis of the informstion glven in
tables II and III. A pure shift of center~of-gravity position produces
little change in 7 (at least for airplanes with tails) and no change in
£ or s. A shift in the center-of-gravity position, however, may produce
a change in kg; a rearward shift tends to reduce kg. For a nearly

critically damped airplane Uan r is nearly independent of kg and,
2

consequently, a change 1n center-of-gravity position should csuse no
appreciable change in the alrplane response., For lightly damped slr-
planes (g < 0.1) the reduction in k3 which accompanies a rearward

center-of -gravlity shift should cause a proportional decreasse in vertical-
acceleration response for small relative-turbulence scales (ko8 << 1.0).

For large relative-~turbulence scales, the reduction in kg should cause

a moderate increase in verticgl-acceleration response. The conditions
and the results of the numerical example given favor the last category
cited.

Change in altitude.- The chenge in altitude selected was from sea
level to 40,000 feet. The equlvalent airspeed and the true turbulence
intensity were assumed to be invariant with altitude. Effects of Mach
number changes were not considered. As indicated in teble V, wherein
are listed the quantities which change with altitude, the mass param-
eter k 1s increased sbout four times at 40,000 feet, whereas the damped
natural -frequency parameter k3 is reduced to about one-half of the sea-

level value. The ratio of acceleration at 40,000 feet to sea-level
accelersation indlcates that there is no gppreciable change in vertical
acceleration with altitude for the example alrplane, provided that the
turbulence intenslty is independent of altitude.
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As a matter of interest, the effect of pitching motlon on the vari-
ations in acceleration response with altitude was indicated by comparing
the preceding acceleration data with that for a nonpitching airplane.
The latter data were obtained from the charts for kg =0 (for an air-

plane with ¥ nearly 2). It was found that the root-mean-square vertical
acceleration for the nonpitching airplane was about 20 percent lower at
40,000 feet than at sea level.

Some generalizstion of the effects of altitude change on the
response of the piltching alrplane can be made. It can be shown by using
equation (Al) in the appendix that the root-mean-square vertical saccele-
ration for the lightly dsmped airplane and for small relative-turbulence
scale (kos << 1.0) varies directly in proportion to the square root of
air density. For large relative-turbulence scale, it can be shown by using
equation (A2) that the vertical acceleration for the lightly dsmped air-
plane is nearly independent of changes in sir density except for unsteady-
lift effects which cause a small increase in acceleration with a decrease
in air density that becomes more pronounced with an increase in the value
of kg at sea level. It appears impractical 1o extend generslization to
the behavior of the acceleration response for alrplanes which are nearly

critically demped. For this damping condition, the trend of dan r with
2

changes in eir density 1ls in opposition to the trend of &n,s with changes

in air density and, therefore, specific cases must be determined. In many
practical cases, effects of Mach number chenges should not be neglected as
they were in this example.

Change 1in airplane size.-~ A comparison was made of the verticsl-
acceleration responses of the basic airplane and an airplane twice its
size. The alrplasnes were assumed to be dynamically similar, thet is,
values of 8n,gs K, 7 and kg were unchanged. As Indicated in

table VI the turbulence-scale parameter s 1s changed, however, as a
result of the change in the wing reference chord. The 2:1 incresse in

alrplane scale resulted in a 35 percent increase in dan . and in can.

In genersl, as shown in table IT an increase in airplane,size wlll be
gccompanied by a decrease in Oan for & small relgtive~turbulence scale

and by an increase in Uan for a large relative-turbulence scsgle. The

results of the numericsl example are in agreement with the latter
relation.

COMPARTSON WITH NONPITCHING ATRPLANE

In the past, gust loads on airplanes, with the exception of those of
unusual configurations, have generally been calculated on the assumption
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(based on results of discrete gust enslysis and on gust-tunnel tests
sumsarized in ref. 1) thet the effect of pltching motion on vertical
accelerations is, 1f not necessarily negligible, at least nearly the
same for all alrplanes. In other words, the accelerations have been
calculated on the basis of vertical-motion response only and, conse-
quently, the accelerations are determlned solely by the mass param-
eter Kk, except that for continuous-turbulence calculations the scale
parameter s enters as well. (See ref. 10.) This procedure has been
consldered to be applicable only to elrplanes having satisfactory
handling quelities. It is, therefore, of interest to compare the gen-
eral results of the study of the effects of short-period stabllity
characterlistics with those for the condition of nc pitch and also to
examine these resulte in the light of a satisfactory handling-gqualities
criterion.

Effects of nearly critical and nesrly zero damping ratios.- It has
been pointed out previously that the particular condition of kg = o}

and ¥ = 2 vrepresents the no-pitech case treated in reference 10 and.that

values of Yoy far the condition of 0O < ;¥E-<< 1.0 (nearly critically
2

dsmped) and ¥ =2 are nearly identicel to those for the no-pitch case.

Observations of the charts (fig. 2) indicate that, for values of ¥

greater than 2 and for a given value of K, the values of Gan r for the
2

nearly critically demped alirplane are always less than the values for the

no-pitch case. For values of ¥ between 1 and 2, the values of can

,r
for a given value of K are higher than those for the no-pitch case but
never exceed the mexlmum value with respect to k for the no-pitch case.

k
For the airplane with a very low demping ratio -7%->> 1.0 the values of
7
may In some cases greatly exceed values of ¢ for the no-

o
8n,r
pitch condition. (See fig. 2(u).)

8p,r

Handling-qualities boundary.- The handliing gualities of an alrplane
are generally consldered satisfactory if a disturbed motion of the air-
plane decays to a stipulated fraction of its initial magnitude in less
then a certain number of cycles. A commonly used condition 1s one-tenth
of the initial megnitude in less than one cycle. The handling-qualities
criterion can be expressed as a function of the damping ratio only and
for the particular case cited, the corresponding demping ratio,]ig 2 0.345,

This damping ratlo i1s not nearly critical by the criterion of 77% << 1.0

<}n this case Eﬁl—§ 2.75); nevertheless, this restriction when applied to

7[
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the curves presented in figure 2 (the boundary is indicated on the charts)
serves in general to limit Oan . r to values equal to or less than those
2

for the no-pitch condition. Exceptions exist for y <2 under all con-
ditions and for values of ¥ > 2 at small values of g; however, even for
these conditions, the values of G&n - remain below unity. For damping

2

ratios appreciably lower than that set by the handling-qualities criterion,

the values of Uan r D8Y reach indefinitely large values for small values
J

of s.

The preceding resulis tend to corroborate a conclusion reached in
discrete gust analyses; namely, that, for airplanes having satisfactory
hendling qualities, conservative values of the vertical accelerations due
to gusts can generally be calculated on the basis of vertical-motion
response only.

CONCLUDING REMARKS

Charts have been presented for estimating the effects of varigtions
in short-period stability characteristics of s rigid airplane on its root-
mean-square vertical-acceleration and pitch-angle response to continuous
atmospheric turbulence. From these charts the root-mean-square quantities
in dimensionless form can be determined for values of four other dimen-
slonless parameters; namely, an alrplane mass paremeter &, a short-period
damping paremeter ¥, & short-period dsmped-nstural-frequency parameter kj,

and a turbulence-scale parameter s. Analysis of the equations from which
the charts were calculated indicgtes that the variations of the vertical
accelergtlion and pltch angle with the other parameters are largely deter-
mined by two other quantitles; namely, the damping ratio of the airplane
which may be expressed in terms of k, 7, and kg, and the relative-

turbulence scale which may be expressed in terms of the undamped-natural-
frequency parameter k, and the turbulence-scale parsmeter s. Formulas

are presented for some extreme conditions of damplng ratio and relstive-
turbulence scgle to facilitate some gqualltative generalizstion of trends
of root-mean-square response with changes in kg, k, 7, and s.

The charts are best suited for the estimation of the effects of
changes in short-period stability characteristics of rigid unswept-wing
airplanes of not more than 200-foot wing span flying at low subsonic
speeds. It is belleved, however, that useful estlmates of flrst-order
effects can be made for airplanes with wings of other plsn forms flying
at high speeds.
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Examples of chart spplication have been presented to show the
effects on vertical acceleration of changes in airplane center of gravity,
in altitude, and in geometric scale. The results indicate that, for the
particular airplane considered, the vertical acceleration is Increased
by a rearward shift in the center of gravity; no significant change in
vertical accelerstion occurs for a change in altitude from sea level to
40,000 feet, if the equivalent airspeed end true turbulence velocities
are constant and effects of Mach number are not considered; and that the
accelergtion 1s increased as the geometrlc scale of the airplane is
increased.

A compasrison of the root-mean-square vertical-acceleration response
of an airplane free to be dlsturbed in vertical and pitching motions
with that of an alrplane free to be disturbed only in vertical motion
(nonpitching) indicates that the responses are very nearly the same for
a nearly critlically damped alrplane having a short-period demping param-
eter y of 2. For values of ¢y greater than 2, the vertical accele-
ration response of the nearly critically damped airplane is always less
than that for the ailrplane for which ¥ = 2. On the other hand, the
vertlcal-accelergtion response of an airplane wilth a very low damping
ratio may greatly exceed the response of an slrplane which is free to
be disturbed in vertical motion only.

The application of a satisfactory-hendling-quelitles criterion to
the vertical-acceleration charts indicates that in many cases the
vertical-acceleration response of an airplane having satisfactory handling
qualities 1s less than that for an airplane free to be dlsturbed only in .
vertical motion and in no case does it exceed the reference acceleration
response which ignores the effects of airplsne motion and of unsteady
lift.

Langley Aeronautical Laboratory,
National Advisory Commlittee for Aeronautics,
Langley Field, Va., January 29, 1957.
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APPENDIX

ANATYSTS OF AIRPLANE RESPONSES AS AFFECTED BY VARTATIONS

IN THE DIMENSIONLESS PARAMETERS

The charts presented herein indicate that the manner in which Uan

)

or cer varies with each of the parameters kg, &, 7, and s differs

considersbly for the msny possible combinations of the parameters which
may result from various airplene configurations. Thls appendix shows
that these variations can be systematized to a large extent by considering
the variations of the ¢'s for extreme values of the airplane damping
ratio and the relastive-—turbulence scale previously described in the text.
These extreme conditions permit a simplification of the integrals in
equations (26) and (27) so that short formules expressing the variations
of Uan r and Uer with each of the parsmeters can be obtained readlly
2
for all extreme conditions except the nearly critically damped conditions
for o . For this exception, the variations of «¢ can be visua-
8n,r én,r

lized quelitatively. The formulas are used ln this appendix as a basis
for discussion of the varlstions of the o's and may also be directly
useful in some cases.

Effect of the Various Parameters on the
Vertical Accelersation

Effect of kg3 on o .~ For values of kg that are small compared

8n,r

k
to the ratio 7jn (say 4 < 0.1), the modulus of the frequency-response

7[E

function and consequently the root-mean-square acceleration ratio

c
én,r
are practically independent of variations in kg as indicated by egqua-

tion (20). This characteristic is unaffected by changes in the value of
ko relative to s.

K .
For values of ;E%-> 10 the system has very low damping ({ < 0.1)
and a resonant peak of high amplitude i1s present in the transfer-function
modulus. (See fig. 7.) The amplitude of the resonant pesk is so great
that the area represented by the integral (eq. (26)) is very nearly pro-
portional to the area under the peak slone. This characteristlc, together
with the small width of the resonant pesk, permits a simple approximastion
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of Gan r by the multiplication of the integral of the absolute square
2

of the transfer function alone by the values of the unsteady-1lift func-
tion and the power spectrum at the resonant frequency kg =~ ky. This
approximastion is based on the approach outlined in equations (9) and (17)

to (21) in reference 8 and ylelds, for a smell relative-turbulence scale
(kgs < 0.6),

1/2
o [ "
an,r }_|_7
and for a large relative-turbulence scale (kgs > 10)
o) 1/2
&n,r Yys

As indicated by equations (Al) and (A2), the variation of Sapy p
2

with kg for the very low damping conditions depends upon the relative-
turbulence scale. For a small relative-turbulence scale Uan r is
2

indicated by equation (A1) to vary directly with ks except for the
effect of unsteady lift, which for most practical values of kg pro-
duces s minor decrease in Uan r with an Increase in kg. This charac-

terigstlic arises from the combination of a flat power spectrum and an
increase in amplitude of the resonant peak of the transfer-function
modulus that accompanies a decrease in damping ratio as kg dincreases.

(See fig. T(b).) For & large relative-turbulence scale O, is
,T

indicated by equation (A2) to be independent of k3 except for the
effect of unsteady 1lift which results in a moderate decrease in Uan

2
with increasing values of kg. This characteristic arises from the
combinsetion of a variation of resonant pesk amplitude, which is identical
to that for a small relative-turbulence scale, and a power spectrum that
varies inversely with the square of k4 over a wide range of values of

k3. The increase in area under the resonant peak which occurs with an
increase in kg is nullified by the accompanylng reduction in the value

of the power spectrum at the resonsnt frequency. (See fig. T(a2).) The

trends of Gan . with k are summarlized in table II.
s .
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Effect of ¥ and ¥ on Ogp p*= The parameters K and ¥ are
3

indicated by equation (20) to affect the transfer function in the form
of the ratios 9/k and L/&. The results shown in figure 5 indicate,
however, that the contribution of the term containing 1/7, while gppre-
ciable for large values of x/n, does not affect the general trend of

Uan,r with Z/R'

For ;%%-<< 1.0 the nearly critical dsmping results in a transfer-
function modulus with a shape which is similar to the shape of the
transfer-function medulus for an girplane free to be disturbed in the
vertical direction only (nonpltching eirplane). This similarity is not
surprising, inasmuch ass the nonpitching condition is obtained from the
present equations for k3 =0 and 7 = 2, as has been pointed out pre-

viously. Consequently, the variation of can r with 7/n for the con~
2

k
dition / << 1.0 will be similar to that for the nonpitching slrplane.
y/e

Although no simple procedure for the calculation of the variation of

Og with 7/& for the nonpitching eirplane has béen discovered, this
“n,r

variatlion can be estimated from an exsmination of the transfer-function
modulus squared, which is obtained from equation (20) by setting ¥ =

and kg = 0. The transfer-function modulus squsred lﬂgg r(k)
2

approaches the value of the unsteady-lift function squared |¢(k)|2 as k

increases, and increasing values of k cause HaT (k)l2 to reach a

glven percentage of the unsteady-lift function squared at progressively

lower frequencies. It follows, therefore, that Gan r will increase with
2

an incresse in kK due to the increase in area under the product of the

2
power spectrum and T (k)] . This variation, however, does not con-
r 2 2
b

tinue indefinitely. As « approaches infinite values, the transfer-

function modulus approaches the unsteady-1ift function for all frequenciles.

The meximum value of Gan r is, therefore, proportional to the square root
3

of the area under the product of the power spectrum and the unsteady-1ift

function only. The asymptotlic value of Uan r with respect to Kk 1is
2

then a function of only the turbulence-scale parameter s and is always
less than unity.
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Examination of equation (20) indicates that a similar variation of
en. p with k (or n/y for a given value of %) occurs for other
b

values of y when kg = O and that the as&ﬁptotic values of Gan,r
with respect to k are the same for all values of . For the con-

with 7y/k will be

o3

X
dgition 0 < =% << 1.0, the variation of o
/e én,r

nearly the same gs that for kg = 0. The asymptotic values do not apply
for kg # 0, however, inasmuch as, for very small values of 7/n (Laxrge

velues of k), kg cennot then be small compared to this ratio.

The veriation of o with 9 for a given value of k (the form

8,r
of presentastion in figure 2) can alsoc be estimated from equation (20).

2
An increase in ¢ I1ncreases the frequency at which ngT r(k) reaches
s

&n
a given percentage of the unsteady-1ift function and also increases the
rete with respect to frequency at which this condition is approached.
The former characterlstic tends to prevail and reduces the area under

2

Hzg,r(k) o, On the other hand,
for a glven value of 7/K (the more physically significant parameter)
o can be shown by similar reasoning to incresse wilth sn increase in

and consequently tends to reduce o

én,r .
7 for the nearly critically desmped sirplane (form of presentation in
figs. 5(b) and 5(c)). .

k
For ;f%->> 1.0 +the presence of a hlgh resonant peak in the modulus °

of the frequency-response function due to a very low damping ratio cguses
Oa, v to vary inversely with the square root of 7/x for both smell and
2

large relstive-turbulence scale. (See eqs. (Al) and (A2).) In equation
(20) it can be observed that for small values of 7/& the numerator term
containing both y/k and 1fy becomes very small compared with the °
remeining terms, thus kK and ¢ affect the transfer function in the
form of the ratio 7[k only.

The characteristics indicated for variations of Gan with 7/K
r

2
and vy, together with those indicated earlier for variations with kg,
cen be observed in figures 4 and 5. It should be noted that Oan ., 18
2

presented in these figures as a function of n/y rather than 7/k.
This presentation was used because Gan . varies over s wider range
3

with practical values of k than it does with 7.



NACA TN 3992 29

Figure 5(a) is presented. to show the effects of a change-in kg

as well a8 a change in k. The value of ¥ 1s fixed at 2 in order that
the nonpiltching airplsne may be represented by the curve kg = O.

Similar variatioms of gy p With k/y and kg are found in fig-

ures 5(b) and 5(c) for s = 50 and 2,000, respectively. These figures,
however, also indicate the effect of changes In ¥ for given values of
5/7. At the lower values of k/7, which tend toward a critical dsmping
ratio, the effect of a change in ¥ i1s maximum; an increase in y for

8 given value of H/y incresases %an . At the larger values of k/[y
Hd
the effect of changes in 9 +tends to became negligible. The trends of
the variation of Gan v with 7y/k and with ¥ for given values of
2

y[s are summarized in table II.

Effect of s on o0gy, ,..- The effect of an Increase in the turbulence-
2

scale parameter 8 depends upon the relative-~turbulence scgle. For s
small relative-turbulence scale (kos << 1.0), 0g, ,. can be shown to
¥

incregse directly with the square root of 8 regardless of the magnitude
of the damping ratio. (For small damping ratio, see eg. (Al).) For large
relative-turbulence scale, on the other hand, Can.r decreases with an

2

increase in s and varies inversely with the square root of s for the
case of nearly zero damping ratio. (See eq. (42).)

Effect of the Various Parameters on the Pitch Angle

The variation of % with kg, k, 7, end s and the manner in

which this variation is affected by the system damping ratio and the
relative-turbulence scale are generglly similar to those of Tay p* As
2

in the case of o« there is little veriation of Og with kd
r

en,r’
except for the simultaneous condition of smgll demping (j;%->> l.é) and
7

small relative-turbulence scale (kgs << 1.0) for which oer can be
shown to vary in direct proportion to kg.

There are several differences, however, between the variations of
dg, and oy . With kfy. First of all, the parameters &k and 7y are
J

involved only in the ratio 7/n as indicated by equation (21). Secondly,

cer for the nearly critically damped condition hf%-<< 1.0) and for small
7,

relative-turbulence scale (Z:i << 1.0) can be shown to be inversely

-
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proportionel to the square root of k/y. For the seme demping condition
but for large relative-turbulence scale, 9% . is independent of n/y

end cen be shown to be equal to unity. For very low damping retios and

vary directly with the square root of k/7.

The varigtion of cgr with s 1s similar to that of U&n r except

2
for the condition of nearly critical damping and large relative-turbulence
scale for which it can be showm that cer is independent of s and equal

to unity.

The foregoing characteristice were obtained from the following equa-
tlons which are based on the same approach as used for equations (Al) and
(A2). For & small relstive-turbulence scale (kos << 1.0) and for nearly

criticael demping (——— << 1.0),

7/
1f2
%y = %[%;7-] (a3)
kg _
whereas for very low demping ;7; >> 1.0},
2 5132
k k

%0y Ly /e

so that %.. and Op, . OFC approximately the same. (See eq. (Al).)
J

For a large relative-turbulence scale (kgos >> 1.0) and for nearly
critical damping, )

Usr ~ 1.0 (85)

ks

whereas for very low damping (;7E'>> l.O),
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5|6 (k)| 2 1/2
- o 2L e

The second term of equation (A6) is the same as equation (42). The unit
value of the first term accounts for the area under the product of the
power gpectrum end the transfer-function modulus squered over the range
of frequencies from zeroc 10 a frequency at which the value of the power
spectrum is extremely small, the value of the transfer function-modulus
over this frequency range being unity. (See fig. T7(a).)

The characteristics indicated by equations (A3) to (46) for veria-
tions of oy with 7/& can be observed in figure 6. As in the presen-
tation of Gan »? the reciprocal of 7/& is used. The sample curves

3

presented in figure 6(a) for s = 50 indicate differences in the trends
of cer with K/y for different freguencies. The sample curves presen-

sented in figure 6(b) for s = 2,000 indicate similar trends of %,
with R/y for different frequencies. The trends of cer with kg,
y/t, and & are summarized in table IT.
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Small relative-turbulence scale Unsatisfactory handling qualities
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Small relative-turbulence scale
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Small relative-turbulence sczle Unsatisfactory handling qualitles
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Small relative—turbulence scale Unsatisfactory handling qualities
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Small relative-turbulence scale Unsatisfactory handling qualities
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Unsatisfactory handling qualities
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